Optimal multi-photon entanglement concentration with the photonic Faraday rotation 
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A recent paper (Phys. Rev. A 86, 034305 (2012)) proposed an entanglement concentration 
£Sj ' protocol (ECP) for distilling one pair of maximally entangled multi-photon Greenberger-Horne- 

Zeilinger (GHZ) state from two pairs of less-entangled multi- photon states with the photonic Faraday 
rotation. In this paper, we put forward an improved ECP for arbitrary less-entangled multi-photon 
CN 1 GHZ state. In the ECP, we only require one pair of less-entangled multi-photon state and one 

auxiliary photon, and the whole concentration process only requires local operations. Moreover, 
q . our ECP can be used repeatedly to further concentrate the less-entangled multi-photon state and 

• obtain a higher success probability. If consider the practical operation and imperfect detection, our 

1 protocol is more efficient. This ECP may be useful in current quantum information processing. 

(N' 



PACS numbers: 03.67.Bg, 42.50.Dv 



I. INTRODUCTION 



In recent few decades, the quantum information technology has developed with extremely high speed. Experimental 
results demonstrate that the quantum communication and computation are much more efficient than their classical 
counterparts in many aspects. In almost all the practical quantum communication and computation tasks, the 
maximally entangled quantum states may be the most important resources [ll-[l6j. For example, in the fields of 
i ■ quantum teleportation H, Hth quantum dense coding Q , quantum communication 0-0 , and entanglement- based 
' quantum key distribution |10l4l3 | , one needs to use the maximally entangled states to set up the quantum entanglement 
channel. However, the quality of the maximally entangled states are easily degraded, for the entangled particles may 
inevitably interact with the channel noise during the storage and transmission process. The maximally entangled 
state may degrade to the mixed state or less-entangled pure state, which can not set up the high quality quantum 
. ■ entanglement channel |17| . Therefore, in practical applications, we need to recover the mixed states or the less- 
,— 1 | entangled pure states into the maximally entangled ones. 

Entanglement concentration is an effective method for extracting the maximally entangled quantum states from 
less-entangled pure states [l8|,[l9j]. In 1996, Bennett et al. proposed the first entanglement concentration protocol 
(ECP), which is called the Schmidt projection method (20| . The ECP requires some collective and nondestructive 
measurements, which are difficult to realize under current experimental condition. After that, various ECPs have 
been put forward, successively [2l| - [33| . For example, in 1999, Bose et al. proposed an ECP with entanglement 
swapping [21], which was improved by Shi et al. in 2000 (22[. In 2001, Zhao et al. and Yamamoto et al. proposed two 
similar ECPs, independently [23|,[24|, in which the optical polarization beam splitters (PBSs) are adopted to complete 
the parity check measurement for photons. In 2008, Sheng et al. adopt the cross-Kerr nonlinearity to construct 
the quantum nondemolition detector, which makes the ECP can be used repeatedly to further concentrate the less- 
entangled state. In 2010, the ECP for single- photon entanglement was also proposed by Sheng et al. [Hj]. So far, 
most ECPs have focused on the single-photon and two-photon systems. Only a few ECPs deal with the multi-photon 
system, for its high operational complexity,. 

Recently, the cavity quantum electrodynamics (QED) have been proved to be a powerful platform for performing 
the QIP tasks of the photon-atom states, due to the controllable interaction between atoms and photons [3414431 ]. 
With the atoms strongly interacting with local cavities, the spatially separated cavities could serve as quantum nodes, 
and construct a quantum network assisted by the photons acting as a quantum bus [40l I44l - l46| . Especially, during 
the past few years, available techniques have achieved the input-output process relevant to optical low-quality (Q) 
cavities, such as the microtoroidal resonator (MTR) [47| . It is attractive and applicable to combine the input-output 
process with low-Q cavities, for it can accomplish high-quality QIP tasks with currently available techniques. In 2009, 
An et al. showed that when a photon interacts with an atom trapped in a low-Q cavity, different polarization of the 
input photon can cause different phase rotation of the output photon, which is called the photonic Faraday rotation 
[5 If . The photonic Faraday rotation only works in low-Q cavities and is insensitive to both cavity decay and atomic 
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spontaneous emission. In 2012, based on the photonic Faraday rotation, Peng et al. proposed an ECP for the multi- 
photon Greenberger-Horne-Zeilinger (GHZ) state [331 ] . in which they can distill one pair of maximally entangled multi- 
photon GHZ state from two pairs of less-entangled pure multi-photon GHZ states with some probability. However, 
this ECP is not optimal, for after the concentration, one pair of less-entangled multi-photon state has to be wasted. 
In this paper, we will put forward an improved ECP for less-entangled multi-photon GHZ state. In our protocol, we 
only require one pair of less-entangled multi-photon state, an auxiliary photon and a three-level atom trapped in the 
low-Q cavity. With the help of the photonic Faraday rotation, we can successfully distill the maximally entangled 
multi-photon GHZ state with the same success probability as Ref. [33[. Moreover, our ECP can be used repeatedly to 
further concentrate the discarded items in Ref. [33[ and obtain a higher success probability. Especially, if we consider 
the practical operation and imperfect detection, our ECP is more powerful. 

This paper is organized as follows: In Sec. II, we first explain the basic principle of the photonic Faraday rotation. 
In Sec. Ill, we explain our ECP for the less-entangled two-photon state. In Sec. IV, we extend this ECP to concentrate 
the N-photon GHZ state. In Sec. V, we make a discussion and summary. 



II. PHOTONIC FARADAY ROTATION 
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FIG. 1: A schematic drawing of the interaction between the photon pulse and the three-level atom in the low-Q cavity, (a) 
the three-level atom trapped in the low-Q cavity. \gi,) and \gn) represent two Zeeman sublevels of its degenerate ground state, 
and \e) represents its excited state, (b) The interaction between the photon pulse and the three-level atom in the low-Q cavity. 
The state \gi) and \gn) couple with a left (L) polarized and a right (R) polarized photon, respectively. 



The photonic Faraday rotation is the key element of our ECP. In this section, we will briefly explain the basic 
input-output relation for a single photon pulse coherently interacting with a trapped three-level atom. As shown in 
Fig. 1, a three- level atom is trapped in a low-Q cavity, where the state |e) represents the excited state, and the states 
and \gn) represent two Zeeman sublevels of the ground state, respectively. A single photon pulse with the form 
\<Pin) = ^gd-k) + \R)) enters the low-Q cavity and interacts coherently with the three-level atom. The \L) and \R) 
represent the left-circularly polarization and right-circularly polarization of the input photon, respectively. During 
the interaction process, the atom will achieve the transition \gi,) <-> |e) (\git) <-> |e)) by absorbing or emitting a \L) 
(\R)) circularly polarized photon. 

Based on the research from Refs. [H|-[5(|, if we consider the low-Q cavity limit and the weak excitation limit, we 
can solve the Langevin equations of the motion for the cavity and atom analytically. In this way, we can draw a 
general expression for the single relation between the input (a in j/ t ^) and output (a out jr t \) single-photon state in the 
form|MIIlS3 



r 



r , = a out,m = [ii^c - Up) - f ] [i(w> - Up) + j] + g 2 ,y 
P ~ a in,j(t) [i{uc - u p ) + f ] [i(bj - uj p ) + 2] + g 2 ' 



In Eq. ([T]), K and 7 are the cavity damping rate and atomic decay rate, respectively. lu c is the atomic frequency, ui p 
is the input photonic frequency, and g is the atom-cavity coupling strength. Particularly, in the case that the atom 
uncouples to the cavity, which makes g = 0, Eq. ([1} can be simplied as 

i(uj c - LOp) - f 

r o(u P ) = ~ ( r— (2) 

It is obvious that Eq. ^ can be rewritten as a pure phase shift as r (ui p ) = e l< ^°. It indicates that if the single-photon 
pulse senses the empty cavity, the output photon state will convert to \f>out) — r o{up)\L{R)) = e l ^ a \L(R)) . On the 
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other hand, when the single photon couples to the three-level atom, as the photon experiences an extremely weak 
absorption during the photon-atom interaction process, we can consider that the output photon only experiences 
a pure phase shift without any absorption for a good approximation. In this way, with strong k, weak 7 and 
g, Eq. (JIJ can also be rewritten as a pure phase shift r(u> p ) rs e 1 ^ and the output photon state will convert to 
\tPaut) — r { UJ p)\L{R)) ~ e l ^\L(R)). Therefore, for an input single-photon state as \ipi n ) = ^{\L) + \R)), if the initial 
atom state is \ql), the output photon state will convert to 



\t Pou t)- = : ^(e i 1>\L) + e i <f>°\R)), 

while if the initial atom state is \gn), the output photon state will convert to 

1 



\ Vout ) + = -j={e^\L)+e^\R)). 



(3) 



(4) 



It can be found that after passing through the low-Q cavity, the polarization direction of the output photon rotates 
an angle <dp — or 6^. = , which is so called the photonic Faraday rotation. 

According to Eq. ([1} and Eq. ©, it can be seen that under suitable case, where = lu c , ui p = u) r — % , and g = 



we can get 



7r and 



so that the relation between the input and output photon can be simplified as [32 
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(5) 



Based on the input-output relation of the single photon as Eq. ([5]), we can perform the entanglement concentration 
for the arbitrary less-entangled multi-photon GHZ state. 



III. THE ECP FOR THE LESS-ENTANGLED TWO-PHOTON STATE 




Alice 



FIG. 2: A schematic drawing of our ECP for the pure less-entangled two-photon state. Si is the less entanglement source, and 
S2 is the single photon source. We suppose Alice and Bob share a less-entangled two-photon state in the spatial mode ai and 
bi- S2 emits an auxiliary photon with the form \<f>) = a\L) + f3\R), and sends it to Alice in the spatial mode 8.2. Alice makes the 
photons in the modes ai and a2 pass through the low-Q cavity c, successively. After the interaction between the photons and 
the atom, by measuring the states of the three-level atom and the output auxiliary photon, Alice can successfully distill the 
maximally entangled two-photon state. Our ECP can be used repeatedly to further concentrate the less-entangled two-photon 
state. 



Now, we begin to explain our ECP for the arbitrary less-entangled two-photon state. We suppose that Alice and 
Bob share a less-entangled pure two-photon state from the less entanglement source Si with the form as 

\&a lbl = a\L) ai \R) bl + P\R) ai \L) bl , (6) 

where \L) and \R) represent the left-circularly polarization and right-circularly polarization of the photons, respec- 
tively, a, f3 are the initial entanglement coefficients, where \a\ 2 + \(3\ 2 = 1. As shown in Fig. 2, the single photon 
source S2 emits an auxiliary single photon and sends it to Alice in the spatial mode &2- The auxiliary single photon 
state can be written as 



\^) a2 =a\L) a2 +P\R) 



(7) 
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Then, Alice introduces a three-level atom trapped in a low-Q cavity c. The initial state of the three-level atom can 
be described as 

\<p) = ^(I.9l> + \g R )). (8) 

In this way, the whole three-photon system combined with the three-level atom can be described as 

I*} = |0>„ife ® \<t>)a 2 ® \<p) = a 2 \L) ai \R) bl \L) a2 \g L ) + a 2 \L) ai \R) bl \L) a2 \g R ) 
+ a/3\L) ai \R) bl \R) a2 \g L ) + a/3\L) ai \R) bl \R) a2 \g R ) + ap\R) ai \L) bl \L) a2 \g L ) 
+ a(3\R) ai \L) bl \L) a2 \g R ) + (3 2 \R) ai \L) bl \R) a2 \g L ) + f3 2 \R) ai \L) bl \R) a2 \g R ). (9) 

Alice makes the photons in the spatial modes ai and &2 enter the low-Q cavity c, successively. According to the 
relation between the input and output photon in Eq. (JSJ, Eq. ^ can evolve to 

|$) out i = a 2 \L) ai \R) bl \L) a2 \g L ) + (-a 2 )\L) ai \R) bl \L) a . 2 \g R ) + (-ia/3)\L) ai \R) bl \R) a2 \g L ) 

+ {-iap)\L) ai \R) bl \R) a2 \g R ) + (-ia(3)\R) ai \L) bl \L) a2 \g L ) + {-iap)\R) ai \L) bl \L) a . 2 \g R ) 

+ {-p 2 )\R) a AL) b ^R) a2 \g L ) ^ p 2 \R) a ^L) b ^R) a2 \g R ). (10) 

Then, Alice performs the Hadamard (H) operation on the three-level atom and the auxiliary photon in the spatial 
mode a2- The H operation on the atom can be performed by driving it with an external classical field (polarized 
lasers), which can make 

\g L ) -> ±{\g L ) + \g R )), \g R ) -> ±{\g L ) - \g R )). (11) 

The H operation on the auxiliary photon is performed by making the photon pass through an quarter-wave plate 
(QWP), which can make 

\L) a2 -> -L(|fl) + \V)), \R) a2 -+ ±={\H) - |V)), (12) 

where \H) represents the horizontal polarization and |V) represents the vertical polarization. 
After the H operations, Eq. PH|) can ultimately evolve to 

W)outi = a 2 \L) ai \R) bl \H) \g R ) ~ f3 2 \R) ai \L) bl \H) \g R ) + a 2 \L) ai \R) bl \V) \g R ) 

+ p 2 \R) ai \L) bl \V)\g R ) + (-iap)\L) ai \R) bl \H) \g L ) + {-ia/3)\R) ai \L) bl \H) \g L ) 

+ (-iaf3)\R) ai \L) bl \V)\g L ) - (-iaf3)\L) ai \R) bl \V)\g L ). (13) 

Then, Alice makes the output auxiliary photon pass through the PBS, which can transmit the photon in the 
horizontal polarization \H) and reflect the photon in the vertical polarization |V), respectively. Finally, she measures 
the state of the three-level atom and the auxiliary photon by the detectors. Based on her measurement results, the 
Eq. (fT3)) will collapse to four possible cases. For example, if the measurement results is \H)\gL), Eq. (IT31) will collapse 
to 

Ifc)«i6i = 4| (\L) ai \R) bl + \R) ai \L) bl ), (14) 

while if the measurement result is | V) jpz-) 5 Eq- (jT5|> will collapse to 

l^)a l6l = -j=(\L) ai \R) bl - \R) ai \L) bl ). (15) 

Both Eq. (fl4l and Eq. (|T5|) are the maximally entangled two-photon state, and there is only a phase difference 
between them. If Eq. (fT5|) is obtained, Alice only needs to perform the phase flip operation with the help of a 
half- wave plate, Eq. (|15[) can be converted to Eq. (JUJ). So far, our concentration process is completed, where we 
successfully distill the maximally entangled two-photon state from arbitrary less-entangled photon state, with the 
success probability of P= 2|a/3| 2 . 

On the other hand, there are still two possible measurement results. If the measurement result is |V)|<7.r), Eq. ([13"]) 
will collapse to 

\h)a lbl =a 2 \L) ai \R) bl +/3 2 \R) ai \L) bl , (16) 
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while if the measurement result is \H)\g R ), Eq. (IT3l) will collapse to 

\<fQ aibl =a 2 \L) ai \R) bl -fi 2 \R) ai \L) bl . (17) 

Similar with Eq. ([M)) and Eq. (fT5|) . Eq. (fl7|) can be easily converted to Eq. (|16|) by the phase flip operation. 
Interestingly, it can be found that Eq. (flB]) has the similar form with Eq. ©, that is to say, Eq. (jTI)]) is a new less- 
entangled two-photon state. According to the concentration step described above, Eq. (fl6t can be reconcentrated for 
the next round. 

In the second concentration round, S2 emits another auxiliary single photon and sends it to Alice in the spatial 
mode &2- The single photon state is with the form 

\4>) a2 =a 2 \L) a2 +(3 2 \R) a2 . (18) 

Alice makes the photons in the spatial mode ai and &2 enter the low-Q cavity, sequentially. Similarly, based on Eq. 
([5|), the whole three-photon system combined with the three-level atom can evolve to 

m o ut2 = a A \L) ai \R) bl \L) a . 2 \g L ) + {-a A )\L) ai \R) bl \L) a2 \g R ) + {-1a 2 p 2 )\L) ai \R) bl \R) a2 \g L ) 

+ (-ia 2 f3 2 )\L) ai \R) bl \R) a2 \g R ) + {-ia 2 (3 2 )\R) ai \L) bl \L) a2 \g L ) + {-ia 2 f3 2 )\R) ai \L) bl \L) a2 \g R ) 

+ (-/? 4 )|i?) ai |L) hl |i?) a2 | 5L )+/? 4 |i?) ai |L) bl |i?) a2 \g R ). (19) 



Then, Alice performs the H operation on the atom and the auxiliary single photon, and Eq. (|19p can evolve to 

W)outi = a A \L) ai \R) bl \H) \g R ) - (5 A \R) ai \L) bl \H) \g R ) + a 4 \L) ai \R) bl \V) \g R ) 

+ p A \R) ai \L) bl \V)\g R ) + (-ia 2 p 2 )\L) ai \R) bl \H)\g L ) + {-ia 2 P 2 )\R) ai \L) bl \H)\g L ) 

+ (-ia 2 f3 2 )\R) ai \L) bl \V)\g L ) - (-ia 2 f3 2 )\L) ai \R) bl \V)\g L ). (20) 

Finally, by detecting the quantum states of the three-level atom and the auxiliary photon, Eq. (f2"0")) can also collapse 
to four possible cases. If the measurement result is \H)\gi) or |V^)|gi), Eq. (|20l) will collapse to 

I&)«l6l = ^(\L) ai \R) bl ± |i?> ai \L) bl ), (21) 

where '+' corresponds to \H)\gi), and '— ' corresponds to |^)|gz,)- Therefore, we can successfully distill the maximally 
entangled two-photon state in the second concentration round, with the success probability of P2 — j^j-pjjjjr, where 
the subscript '2' means in the second concentration round. If the measurement result is 1^)1^) or \H)\g R ), Eq. (|20|) 
can ultimately collapse to 

\fo)a lbl =a 4 \L) ai \R) bl ±p 4 \R) ai \L) bl , (22) 

which are new less-entangled two-photon states and can be reconcentrated for the third round. 

In this way, we have proved that by providing an auxiliary photon with the form \4>) — a 2 \L) + ft 2 \R), where 
'K' represents the iteration times, our ECP can be used repeatedly to further concentrate the less-entangled photon 
state. It is worth noting that for preparing the single photon state, we need to know the exact value of the initial 
entanglement coefficients a and /3 in advance. Actually, some other ECPs also have this requirement [22l [2^ - [30l . |32| . 
According to the previous research results, the exact value of a and (3 can be obtained by measuring an enough 
amount of the target samples. 

IV. THE ECP FOR THE LESS-ENTANGLED N-PHOTON GHZ STATE 

Our ECP can be extended to concentrate the less-entangled N-photon GHZ state. We suppose that a less-entangled 
N-photon state is possessed by N parties, say Alice, Bob, Charlie and so on. The photon in the hand of Alice is in the 
spatial mode ax, while other N — 1 photons in the hands of other parties are in the spatial modes bi, b2, • ■ ■, bjv_i, 
respectively. The less-entangled N-photon GHZ state can be described as 



IN 



= a\L) ai \R... J2) 6l ... 6jv _ 1 + f3\R) ai \L ■ ■ ■ L) bl ... bN _ 1 . (23) 
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FIG. 3: A schematic drawing of our ECP for the pure less-entangled N-photon GHZ state. The less-entangled N-photon state 
are shared by N parties. Alice introduces an auxiliary single photon with the form \<f>) — a\L) + f3\R) and an three-level atom 
trapped in the low-Q cavity c. Alice makes photons in the spatial mode ai and a,2 pass through the low-Q cavity c, successively. 
By measuring the states of the three-level atom and the output auxiliary photon, we can successfully distill the maximally 
entangled N-photon GHZ state. Our ECP can also be used repeatedly to further concentrate the less-entangled N-photon GHZ 
state. 



Similar with Sec. Ill, the single photon source S emits an auxiliary photon and sends it to Alice in the spatial mode 
&2 with the form of Eq. ([7]). Alice makes the photons in the spatial modes ai and &2 pass through the low-Q cavity c, 
successively. After the cavity, the whole N + 1 photons state combined with the three-level atom state can evolve to 

\®)outN = a 2 \L) ai \L) a2 \R - ■ ■ R) bl ... bN _ 1 \g L ) + (-a 2 )\L) ai \L) a2 \R ■ ■ ■ J?)b 1 ...6 w _ 1 |fljj> 

+ {-iaP)\L) ai \R) a2 \R ■ ■ ■ R) bl -b N ^ \g L ) + (-iat0)\L) ai \R) a2 \R--- R)^...^ \g R ) 

+ {-iaP)\R) ai \L) a2 \L ■ ■ ■ L) bl ... bN _ 1 \g L ) + (-ia/3)\R) ai \L) a2 \L ■■■ L) bl ... bN _ 1 \g R ) 

+ {-p 2 )\R) ai \R)a 2 \L--- L) bl ... bN _ t \g L ) + f3 2 \R) ai \R) a2 \L ■ ■ ■ L) bl ... bN _ 1 \g R ). (24) 

Here, Alice only needs to perform the H operation on the three-level atom and the auxiliary single photon in the 
&2 mode. After the H operation, Eq. (|24p will ultimately evolve to 

|$')e»ti = a 2 \L) ai \R... R) bl ... bN _ t \H) \g R ) - f3 2 \R) ai \L ■ ■ ■ L) bl ... bN _ 1 \H) \g R ) 

+ a 2 \L) ai \R- ■ ■ R) bl ... bN ^V)\g R ) + ? 2 \R) ai \L- ■ ■ ^^...^^V^r) 

+ {-iap)\L) ai \R... R)^...^^ \H) \g L ) + (-ia(3)\R) ai \L ■ ■ ■ L) bl ... bN _ 1 \H) \g L ) 

+ (-iap)\R) ai \L ■ ■ ■ L) bl ...f >N _ 1 \V) \g L ) - (-ia0)\L) ai \R— R)^...^ \V) \g L ). (25) 

Finally, Alice measures quantum states of the three-level atom and the auxiliary single photon. If the measurement 
result is \H)\gi), Eq. (|2"5j) will collapse to 

|0i)jv = ^=(\L) ai \R---R) bl ... bN _ 1 + \R) ai \L---L) bl ... bN _ 1 ), (26) 

while if the measurement result is |V)|<7i,), Eq. ((23|) will collapse to 

\<t>[) N - ^(\L) ai \R--- R) bl -b N ^ - \R)a 1 \L ■ ■ ■ L) bl ... bN _ t ). (27) 

Both Eq. (|26p and Eq. (l27l) are maximally entangled N-photon GHZ state. Eq. (|27|) can be easily converted to Eq. 
(|2"6")l by the phase flip operation. Therefore, so far, we have successfully recover the less-entangled N-photon GHZ 
state into the maximally entangled N-photon GHZ state, with the success probability of P= 2|a/3| 2 , which is the same 
as the success probability in Sec. III. 

Meanwhile, there are still another two possible measurement results. If the result is \H)\g R ), Eq. (|25|) will collapse 

to 

\4>2)n =a 2 \L) ai \R---R) bl ... bN _ 1 +(i 2 \R) ai \L---L) bl . .. 6jv _ i; (28) 

while if the result is |V)|<7,r), Eq. (|25[) will collapse to 

\0' 2 ) N = a 2 \L) ai \R- ■ ■ R),,...,,^, - (3 2 \R) ai \L ■ ■ ■ L),,...^^. (29) 

Eq. (j2U)) also can be converted to Eq. (|28p by the phase flip operation. It is obvious that Eq. (|28p has the similar 
form with Eq. (|23p. that is to say, Eq. (|2"5|) is a new less-entangled N-photon GHZ state. Based on the concentration 
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step described above, Alice only needs to introduce an auxiliary single photon with the form of Eq. (fl8|) , Eq. ((28)) can 
be reconcentrated for the next round. Therefore, Alice only needs to provide an auxiliary single photon with the form 
\<f>) = a 2 \L) + (3 2 \R) in each concentration round, our ECP can also be used repeatedly to further concentrate 
the N-photon GHZ state. In each concentration round, its success probability is the same as that in Sec. III. 



V. DISCUSSION AND SUMMARY 



By far, we have fully explained our ECP for less-entangled multi-photon GHZ state. In our ECP, with the help of 
the photonic Faraday rotation, we can extract the maximally entangled multi-photon GHZ state from less-entangled 
multi-photon state with some probability. Comparing with the ECP in Ref. [33], our ECP has several obvious 
advantages. First, the ECP in Ref. [33[ can distill one pair of maximally entangled multi-photon state from two 
pairs of less-entangled multi-photon states. Our ECP only requires a pair of less-entangled multi-photon state and an 
auxiliary photon. Therefore, our ECP is more economic. Second, in Ref. (33|, after successfully performed the ECP, 
each of the N parties should measure his or her photon state to ultimately obtain the maximally entangled N-photon 
GHZ state. Finally, they also should check their measurement results to confirm the remained maximally entangled 
state. Therefore, it increases the operational complexity greatly, especially when the photon number N is large. Our 
ECP only requires local operations. During the concentration process, Alice only needs to detect the atom state and 
the auxiliary photon state in each concentration round, and finally tells the result to the other parties, which can 
simplify the operation largely. Third, our ECP can be used repeatedly to further concentrate the discarded items in 
Ref. [3J|, and obtain a higher success probability. 

In the concentration process, the atom state detection and photon state detection play prominent roles. Under 
current experimental conditions, both the atom detection and single photon detection are imperfect with the detection 
efficiency rj < 100%. Therefore, for comparing the success probability of our ECP with that in the ECP of Ref. [33| 
under practical experimental conditions, it is necessary to consider the impact of the detection efficiency on the success 
probability. We suppose that the single photon detection efficiency and the single atom detection efficiency are rj p and 
T] a , respectively. In the ECP of Ref. ,33j, as the single atom state and a pair of N-photon state need to be detected, 
its success probability can be written as 

P'totai = ^2|a/3| 2 , (30) 

which shows an exponential decay with the photon number N. In our ECP, Alice only needs to detect the single atom 
state and the auxiliary single photon state in each concentration round. According to the description of Sec. Ill and 
Sec. IV, we can calculate the success probability in each concentration round as 

Pi = 77a^2|a/3| 2 , 
\a\ 

P3 = VaVpjr 



;|4> 

2|a/?| 8 



l/3| 4 )(l 



a ■ 



K 



„ „ M (31) 



Therefore, the total success probability (P total) of our ECP equals the sum of the success probability in each concen- 
tration round, which can be written as 

Ptotai =P X + P 2 + ...P K = Va rj p g (|a|4 + |/3|4)(|a|8 + |/?|8) _ (|q|2K + w k )2 , (32) 

which is independent of the photon number N. 

Recently, Heine et al. reported their research result on the single atom detection. They have achieved r\ a = 66% 
in the experiment [52j. Moreover, they have shown that with some improvement, the single atom detection efficiency 
can achieve r\ a > 95% in theory. The single photon detection has been a big difficulty under current experimental 
conditions, for the quantum decoherence effect of the photon detector [53[ . In the optical range, ?y p is usually less than 
30% [H, [54[ ■ Lita et al. reported their experimental result about the near-infrared single-photon detection. They 
showed the r\ v at 1556 nm can reach 95% ± 2%. Based on their research results, we make the numerical simulation 
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a 

FIG. 4: The success probability (Ptotai) for both two ECPs under the imperfect detection, where the efficiencies of both the 
photon state detection and atom state detection are set as 80% for approximation, (a) The Ptotai of our ECP being operated 
for 5 times, (b) The P tota i of the ECP in Ref. [H, when the photon number N is 5. (c) The P total of the ECP in Ref. JH, 
when the photon number N is 10. It can be seen under imperfect detection, the Ptotai of the ECP in Ref. [33j reduces largely 
with the photob number N, while the Ptotai of our ECP can remains a relatively high level. 



on the total success probability (Ptotai) of both two ECPs. Fig. 4 shows the Ptotai as a function of the entanglement 
coefficient a. In Fig. 4, we assume rj p — 80% and r/ a = 80% for approximation. In our ECP, we choose the repeating 
number K = 5 (Fig. 4(a)), while in the ECP in Ref. [33j], we choose the photon number N = 5 (Fig. 4(b)) and 
N = 10 (Fig. 4(c)). It is obvious that Ptotai of the ECP in Ref. 33[ reduces largely with the increasing of the photon 
number N. Especially, according to Eq. (f30|) and Eq. (f32]l . when the photon number N is large, the P't ota i — > 0, 
while our ECP can still get a relatively high success probability. Therefore, under practical experiment conditions, 
especially when the photon number N is large, our ECP shows greater advantage. 

In summary, in the paper, we put forward an efficient ECP for arbitrary less-en tang led multi-photon GHZ state 
with the help of the photonic Faraday rotation. Comparing with the ECP in Ref. 33j, our ECP has some obvious 
advantages. First, our ECP only requires a pair of less-entangled multi-photon state and an auxiliary single photon, 
and can obtain the same success probability as the ECP in Ref. [33j, which indicates our ECP is more economic. 
Second, our ECP only requires local operation, which can simplify the operation largely. Third, our ECP can be used 
repeatedly to further concentrate the discarded items in the ECP of Ref. [33j , so that our ECP can obtain a higher 
success probability. Moreover, under practical imperfect detection conditions, the success probability of the ECP in 
Ref. [33] shows an exponential decay with the photon number N, while our ECP can still obtain a relatively high 
success probability independent of N. Therefore, these features will make our ECP have a practical application in 
current quantum computation and communication. 
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